A frozen-rotor approximation is formulated for the mixed quantum/classical theory of collisional energy transfer and ro-vibrational energy flow [M. Ivanov and D. Babikov, J. Chem. Phys. 134, 144107 (2011)]. Numerical tests are conducted to assess its efficiency and accuracy, compared to the original version of the method, where rotation of the molecule in space is treated explicitly and adiabatically. New approach is considerably faster and helps blocking the artificial ro-vibrational transitions at the pre-and post-collisional stages of the process. Although molecular orientation in space is fixed, the energy exchange between rotational, vibrational, and translational digresses of freedom still occurs, allowing to compute ro-vibrational excitation and quenching. Behavior of the energy transfer function through eight orders of magnitude range of values and in a broad range of E is reproduced well. In the range of moderate −500 ≤ E ≤ +500 cm −1 the approximate method is rather accurate. The absolute values of stabilization cross sections for scattering resonances trapped behind the centrifugal threshold are a factor 2-to-3 smaller (compared to the explicit-rotation approach). This performance is acceptable and similar to the well-known sudden-rotation approximation in the time-independent inelastic scattering methods.
I. INTRODUCTION
Collisional energy transfer (CET) plays crucial role during the second step of the recombination reaction that forms ozone in Earth's atmosphere:
Here, M can be any atmospheric molecule (or Ar atom in laboratory experiments 1 ), whose role is to remove energy from the metastable O 3 * states (excited ro-vibrationally above the dissociation threshold) to produce stable ozone molecules, O 3 . In order to provide complete theoretical treatment of ozone formation kinetics one should be able, ideally, to compute cross sections for all ro-vibrational state-to-state transitions that take place in O 3 * due to collisions with M, and incorporate those data into the master equation formalism. 2, 3 While very easy to state, this is practically impossible to do. The density of vibrational states near dissociation threshold of ozone is close to one state per 1.2 cm −1 , and each of those vibrational states is accompanied by a dense spectrum of rotational states (rotational constant is ∼0.4 cm −1 ). Ozone is a heavy rotor and a broad distribution of rotational states (up to J ∼ 90) is populated at room temperature. Thus, the rotational transitions between different J-values are impossible to rule out. Rotational energy transfer occurs simultaneously with vibrational stabilization and plays a very important role. Moreover, the collision-induced dissociation (CID) of O 3 * takes a) Author to whom correspondence should be addressed. Electronic mail: dmitri.babikov@mu.edu place simultaneously with its stabilization and should also be described theoretically.
The classical-trajectory treatment of process (2) was relatively straightforward, 4 but it did not help to answer questions related to the famous anomalous isotope effect, 1, 5 which is believed to be related to quantum mechanical phenomena such as zero-point energy, symmetry, and scattering resonances. [6] [7] [8] On the other extreme side, the full-fledged quantum treatment of the process is unaffordable computationally, for the reasons discussed in the previous paragraph (large density of states, importance of rotational excitation, dissociation). Thus, several theory groups searched for alternatives to the exact quantum mechanics. The first approximate quantum treatment of process (2) was proposed by Clary's group within the timeindependent coupled-channel formalism. 9, 10 They used the dimensionally reduced model of ozone (frozen bending) and looked at non-rotating ozone molecule (J = 0 only). The next study by Bowman's group 11 offered a considerable improvement through implementing the full-dimensional treatment of O * 3 . However, their calculations have been carried out for very few (just three) collision geometries of M + O * 3 . A similar treatment was developed by Schinke's group, 12, 13 also based on the coupled-channel formalism for J = 0. Their calculations converged with respect to the number of partial waves for orbital motion, but their basis set contained just the bound states of O 3 (below dissociation threshold) so, no metastable states of O * 3 (scattering resonances above dissociation threshold) were involved at all. Neither of these groups incorporated lifetimes of O theory (MQCT) for collisional energy transfer and rovibrational energy flow.
14 This method is still approximate, but it overcomes many difficulties encountered earlier by other workers. Namely, the scattering of M and the rotational quenching of O * 3 are treated classically, which allows covering a broad range of rotational excitations, up to J ∼ 90. These classical approximations are well justified because no quantum effects are expected to occur due to scattering of heavy M, or due to rotation of heavy O * 3 . The vibrational motion of ozone, however, is treated with time-dependent Schrödinger equation, which incorporates zero-point energy and vibrational symmetry. The scattering resonances of O * 3 are also accessible, including quantization of their energies, accurate calculations of their decay rates and CID. 15, 16 The MQCT is computationally feasible (in contrast to the full-quantum methods) but the high density of vibrational states and the broad range of rotational excitations in ozone make even these calculations highly demanding. For these reasons, the calculations of Babikov's group were carried out within the dimensionally reduced model of ozone, 14, 17 where only two bond stretches were treated explicitly, while the bending motion was treated adiabatically (relaxed).
There is a strong need to progress towards the fulldimensional treatment of ozone formation, including its bending motion. Moreover, oxygen has three stable isotopes, which results in as many as 36 isotopically different versions of the processes (1) and (2) 1 and all of those should, ideally, be explored theoretically! In order to make such calculations computationally affordable one should think of some additional simplifications, within the framework of MQCT.
In this paper we formulate and test the frozen-rotation (FR) approximation for MQCT. Since MQCT is timedependent and involves classical as well as quantum degrees of freedom, the approximation we devise here is very different from the well-known sudden-rotation approximation used in the time-independent full-quantum calculations. [18] [19] [20] [21] The main purpose of our FR approximation is to "freeze" the rotation of O * 3 during the M + O * 3 scattering event, without cutting off the energy exchange between translational, rotational, and vibrational degrees of freedom. Freezing the rotation of O * 3 gives significant computational advantages (discussed in the paper), with relatively small intervention into the energy exchange process. Interestingly, it appears that rotational excitation and/or quenching of the molecule can be described without letting the molecule rotate in space during the collision with M. The paper is organized as follows. The MQCT method is briefly reviewed in Sec. II. The formalism of FR approximation is introduced in Sec. III. Numerical results that serve as a test of accuracy of the FR approximation are presented and discussed in Sec. IV. Section V summarizes all the work done.
II. THE MIXED QUANTUM/CLASSICAL THEORY
The idea of mixed quantum/classical treatment of collisional energy transfer is not entirely new. [22] [23] [24] [25] [26] A good review of methods and their applications was done by Billing. 27 In our implementation of MQCT 14 
Through the V (R Q ; R C (t)) dependence of the PES, the classical trajectory of motion R C (t) affects evolution of the quantum part of the system (vibration). The effect of rotational motion on vibration is included adiabatically, [28] [29] [30] [31] [32] [33] by introducing into the Hamiltonian of Eq. (4) the rotational potential V rot , which is a smooth function of coordinates, computed numerically on a grid of points in R Q using
Here, I(R Q ) is the tensor of inertia on the grid and J(t) is the instantaneous vector of angular momentum of the molecule, both expressed in the lab reference frame. Rotational potential is a time dependent quantity. The rotation itself is treated classically using the fluidrotor equations of motion:
Here,Ĩ(t) is the instantaneous mean tensor of inertia of the fluid rotor, whileτ (t) is the mean torque on the molecule (caused by the quencher), defined as
where r i = {x i , y i , z i } is the radius vector of ith atom relative to molecular center or mass, r i × ∇V represents the torque of the quencher on ith atom in the molecule, and the gradient ∇V is computed with respect to the Cartesian position of ith atom. Summation in Eq. (8) is over three O atoms. Matrix G in Eq. (6) was introduced for convenience:
Time derivativeİ in Eq. (6) is computed asİ =ĨAĨ, where matrix A is
Note that evolution of the vibrational state of the system affects its classical rotational motion, through vibrational wave function (R Q , t) in expressions for the mean values of I,τ , and A.
Translational coordinates q O 3 and q Ar are propagated using classical equations of motion:q = p/M andṗ = −∇Ṽ , where transcripts are omitted for simplicity, and the mean field potential is defined as
Again, quantum vibrational state of the system (R Q , t) influences the classical trajectory for scattering, throughṼ .
Overall, the energy is exchanged between translation, rotation, and vibration, while the total energy is conserved.
III. FROZEN ROTOR APPROXIMATION
Let us start from the formal side of implementing the frozen-rotor approximation. Two terms in Eq. (10) have very transparent physical meaning. The first term is a rigid-rotor term, while the second term is a fluid-rotor term. The second term is zero if the vibrational wave function (R Q ) is constant over the time. Its effect on rotation becomes important only if the vibrational motion occurs and the wave function changes, which affects the tensor of inertia. We want to keep this term, because it describes ro-vibrational interaction. The first term in Eq. (10) is a simple rotation in 3D of the tensor of inertia of the rigid body. If the molecule does not rotate, this term is unnecessary. So, in the frozen-rotor case Eq. (10) simplifies to
Note that our frozen rotor remains fluid, due to the time derivative in Eq. (12) . Within its original orientation in space, the tensor of inertia is allowed to change over the time if d / dt = 0, for example, due to centrifugal effect or due to interaction with quencher.
Furthermore, if molecule does not rotate, its orientation in space is constant andĠ = 0. So, the last term in Eq. (6) vanishes. Now it is convenient to introduce υ α =α, υ β =β, and υ γ =γ . These moieties are related to angular velocity ω through
In these notations, Eq. (6) can be rewritten as follows:
If the molecule does not rotate in space, we do not have to propagate Eq. (14) for angles at all, equivalent to saying thatα = 0,β = 0, andγ = 0. Only Eq. (15) should be propagated. It captures the effect of rotational excitation and/or quenching and emphasizes that our frozen-rotor remains fluid, within its original orientation in space. If the mean tensor of inertia changes, dĨ/dt = 0, its effect onto rotational excitation is included.
The existing computer code 14 can be very easily modified to propagate Eqs. (12) and (15), instead of Eqs. (6) and (10) . Note, however, that Eq. (15) can be conveniently rewritten using Eq. (13) as follows:
Rearranging terms, using chain rule and introducing angular momentum J =Ĩω we obtain
Indeed, if the molecule is forcedly fixed in space, no equations for rotational coordinates are necessary at all. All we have to do is to integrate torqueτ (t) due to quencher along the trajectory to determine the change of J (i.e., rotational excitation or quenching). The time dependent value of J(t) goes directly into Eq. (5) to give evolution of rotational potential V rot (R Q ) along the trajectory R C (t) for inclusion into the Hamiltonian of Eq. (4). This is almost embarrassingly simple, but makes sense.
IV. RESULTS AND DISCUSSION
We carried out preliminary calculations using both versions: either propagating Eqs. (12) and (15) 
A. Examples of a single trajectory
Details of setting up the initial conditions for MQCT calculations have already been discussed in detail.
14 Initial wave function is one of vibrational eigenstates in the rotationally excited potential: (R Q , t 0 ) = (i) n (R Q ). Here, index i denotes initial rotational excitation (quantized semi-classically), while index n denotes a vibrational state in this rotationally excited potential. We always start at a scattering resonance, namely, the ro-vibrational state above the dissociation threshold, E Tables I and II) . Some of them belong to progression of the normal vibration modes (labeled by N), and some to the local-vibration mode progression associated with either channel 1 or 2 (namely, O-OO or OO-O, labeled L1 and L2). Typical rotational excitations of J ∼ 20-45 bring these states up (the centrifugal effect) and converts them into scattering resonances trapped behind the centrifugal barrier at energies few hundred wavenumbers above the dissociation threshold. These are our initial states. Note that in rotationally excited ozone the vibrational motion is rather localized, due to sharp centrifugal barrier. We found that in such conditions all vibrational states can be easily assigned (in terms of quantum numbers) up to dissociation threshold and even above. This is very different from the non-rotating ozone, where the upper 20% of vibrational spectrum exhibit irregular behavior due to flattening of the PES near dissociation threshold. [34] [35] [36] [37] In Fig. 1 we consider an example trajectory which starts at the scattering resonance with J = 35 and K = −5, n = 50 and E (i) n = 133.6 cm −1 (specifying semi-classical initial conditions for rotation we set K b = K c and assume that K = K a is good quantum number, for simplicity). This is a local-mode state with 8 quanta of vibration along the O + O 2 dissociation channel and one quantum of vibration in O 2 . Collision energy of Ar is E coll = 217 cm −1 and impact parameter is b = 3.64 a 0 . Plotted in Fig. 1 are the values of rotational potential V rot (R Q ) at two important points on the PES: the bottom of covalent well ( Fig. 1(a) ) and the top of centrifugal barrier in one of Final vibrational the dissociation channels ( Fig. 1(b) ). We can see that in the original MQCT method, where the adiabatic-rotation (AR) is explicitly going on, the centrifugal potential V rot evolves during the pre-collisional and post-collisional stages of the process, due to the ro-vibrational interaction in the fluid rotor model. In the frozen-rotor version of MQCT the rotational potential V rot (R Q ) is constant over time (at every point of the R Q grid). Note that for description of the resonance stabilization, for CET, the focus is not really on the ro-vibrational interaction during the pre-and post-collisional stages, but more on the molecule-quencher interaction during the short collision event. Figure 1 demonstrates that this last effect is well described by the FR approximation.
In the time-dependent mixed quantum/classical method we do not really have to make any assumptions about goodness of the rotational quantum number K, because we use classical trajectories for description of rotation, either as fluidrotor or as rigid-rotor. In either case, three components of J evolve during the dynamics. Figure 2 and post-collisional stages, in contrast to K b and K c that oscillate widely. This picture supports a well-known fact-ozone is very close to a symmetric top. Its rotational constants are only ∼10% different. For simplicity, we sample the initial rotational states such that |K b | = |K c |, so that we can label these quasi-classical initial conditions by J and K only. As rotation starts (on the pre-collisional stage) the memory of |K b | = |K c | is immediately lost, while K = K a remains roughly the same. Figure 2 (b) demonstrates that K remains good quantum number in the FR-method too. One more advantage given by the FR approximation becomes obvious. On the post collisional stage the centrifugal potential is constant, so, one can start spectral analysis of the final vibrational wave packet (R Q , t fin ) at any moment of time, as soon as quencher leaves. This is not so straightforward in the AR version of the method, where rotational potential continues evolving due to ongoing rovibrational interaction. This continuing ro-vibrational energy exchange causes artificial ro-vibrational transitions at the post-collisional stage, which is a known deficiency of the mixed quantum/classical treatment.
14 In order to cancel its effect we usually use the forward-backward propagation technique, 38 but it doubles the computational effort. In the FR version of MQCT this problem does not exist, so that the backward propagation is unnecessary, which saves computational resources.
B. Energy transfer
Projection onto vibrational eigenstates of the final rotational potential permits to compute energy spectrum of the final wave packet, or the probabilities of state-to-state transitions:
This information, together with magnitudes of the energy
n , can be used to bin the data for a batch of trajectories into a 2D-histogram, like those presented in Fig. 3 (3000 trajectories for the same initial state as Fig. 1 ). Red is for high intensity, blue is for low intensity. Excitation is at positive E, quenching is at negative E. Elastic peak is at E = 0 and large impact parameter. Initial ro-vibrational state is the same as in Fig. 1 .
These plots visualize intensity of the excitation/quenching as a function of impact parameter 0 ≤ b ≤ 15 a 0 and the magnitude of energy transfer −1000 ≤ E ≤ +1000 cm −1 . Collision energy was sampled from thermal distribution at room temperature. Figure 3(a) describes the case of explicit adiabatic rotation, while Fig. 3(b) corresponds to our frozen-rotor approach . Both methods show the elastic scattering peak ( E = 0) at large impact parameters, and both indicate quenching ( E < 0) as well as excitation ( E > 0) going on at impact parameters less than b ≈ 8 a 0 . We have to admit that in the FR case the excitation is clearly overestimated in the region of E > +500 cm −1 , compared to the AR case. Explanation is as follows: when the rotational motion is frozen, the ability of the molecule to dodge the quencher is limited to the translational recoil only, which leads to more intense interaction with quencher and larger amount of energy is transferred to the molecule. This is a negative consequence of FR approximation.
It should also be mentioned that the total energy in the FR method is not exactly conserved. We conducted a careful study of this issue and found that for some trajectories the total energy increases as a result of collision, while it decreases for others. Average over the batch of trajectories, with thermal distribution of collision energies at room temperature, leads to relatively small overall energy defect.
The weighted sum over b of the 2D-histogram in Fig. 3 produces a differential (over E) cross section for energy transfer, plotted in Fig. 4 . Such dependence is used in analytic theories of CET [39] [40] [41] and is sometimes called the energy transfer function. Comparison of the AR vs. FR data (filled vs. empty symbols) shows that in the regime of moderate energy transfer, −500 ≤ E ≤ +500 cm −1 , the agreement between two methods is reasonably good. Furthermore, the overall trend of the differential cross section is reproduced well by FR-method through eight orders of magnitude range Purely vibrational quenching is to the left of the short dashed line at E = −489 cm −1 . Discontinuity at E = −590 cm −1 is due to the vibrational mode character. Note that the FR method reproduces all these fine features.
Initial ro-vibrational state is the same as in Figs. 1 and 3 .
of values and in a broad range of E. At large positive E > +500 cm −1 the FR-method overestimates cross section (as discussed above), while at large negative E < −500 cm −1 the FR-method somewhat underestimates the cross section. Note a sharp change of the slope at E = −489 cm −1 . This amount of energy corresponds to the initial rotational excitation of the molecule in this example, so, the point where the energy transfer function bends corresponds to transformation from the ro-vibrational quenching to purely vibrational quenching. Finally, note a discontinuity of cross section at E = −590 cm −1 . To the right of this dashed line the normalmode state n = 47 (which is ∼101 cm −1 below the initial state) participates in the energy transfer, while to the left of this line the energy transfer is dominated by the local-mode state (much smaller cross section, see below). Interestingly, even these fine features of the energy transfer function are reproduced by the FR-method.
C. Vibrational state-to-state transition cross sections
More detailed insight is provided by comparing cross sections for vibrational state-to-state transitions computed as
Here, the sum is over N trajectories in a batch and includes all the final (classical) rotational states. In this computational experiment we took, as initial states, four different rotational states of the normal-mode vibrational state n = 51, and four different rotational states of the local-mode vibrational state n = 50. Those are listed in Tables I and II Tables I  and II. The largest values in Tables I and II correspond to elastic scattering cross sections. They are all reproduced accurately enough for the normal-mode initial states (deviations are 11%-14%) and somewhat less accurately for the localmode initial states (deviations are 2%-17%). Only in one case the deviation is quite large (39%, last column of Table II ), but this is because this initial state is very close to the barrier top (large width of the resonance = 0.25 cm −1 ). It has short lifetime and, consequently, tends to dissociate. Small changes in the energy transfer lead to significant changes in the postcollisional behavior.
It is well known that the elastic scattering cross section, strictly speaking, diverges if the scattering motion is treated classically. Sometimes this problem is overcome by an appropriate choice of the maximum impact parameter, or by removing, in an ad hoc way, 42 the elastic scattering peak clearly seen at E = 0 in Fig. 3 (red) and Fig. 4 (dashed line) . We tried several of these methods and saw very similar results. The elastic scattering cross sections given in Tables I and II were obtained by disregarding all trajectories with | J| < 1. This method allows removing selectively all points of the elastic scattering peak, without affecting the rest of data. Roughly, it corresponds to setting up the maximum impact parameter at ∼9 a 0 (see Fig. 3 ).
As for vibrationally inelastic processes, the largest cross sections are usually observed for transitions between states of same character. Normal-mode states tend to stabilize to the normal-mode states, while local-mode states tend to stabilize to proper local-mode states. For example, for the initial normal-mode state (n = 51) the largest inelastic cross section corresponds to the final state n = 48 (see Table I ), which is the closest normal-mode state. Similarly, for the initial localmode state (n = 50) the largest inelastic cross section corresponds to the final state n = 47 (see Table II Tables I and II) .
Other entries in Tables I and II show similar differences of state-to-state cross sections obtained from AR and FR methods. Note that for smaller cross sections the statistical error is typically larger. In those cases when cross sections are reasonably large and statistical error is small (within ∼25%) the typical difference between AR and FR results is ×4. This is similar to performance of the rotationally sudden approximation in the time-independent methods, known to produce cross sections that are a factor of ×2 to ×4 smaller, compared to exact results. 43, 44 
D. Stabilization cross sections
For approximate treatment of recombination kinetics at low and moderate pressure of M it is not really necessary to compute individual cross sections for all vibrational state-tostate transition. It is advantageous to introduce stabilization cross section for each scattering resonance:
The sum in Eq. (21) is over the final vibrational states below dissociation threshold, E (i) n < 0. Note that this energy includes the final rotational energy, so, the stabilization cross section characterizes the overall ro-vibrational quenching (within MQCT, where rotation is treated classically while vibration is treated with quantum mechanics). Stabilization cross sections are the most practically important moieties. Figure 5 shows convergence study of stabilization cross section for state n = 50 (same rotational state as before) in both AR and FR calculations. For a batch of 3000 trajectories the statistical error is rather small, typically close to 5%. Interestingly, Fig. 5 demonstrates that with only as few as 100 trajectories one can obtain a reasonable estimate of stabilization cross section. Last row in Tables I and II lists the values of stabilization cross sections for eight scattering resonances considered here. The values obtained from FR method are only a factor of ×2 to ×3 smaller, compared to AR method, in the entire range of rotational excitations and for both normal and local vibration mode states. This is very encouraging, since such a difference is usually assumed quite acceptable in most kinetics models. In Figure 6 we plotted the ratio of cross sections = σ stab (AR)/σ stab (FR) obtained from two methods, as a function of initial (total ro-vibrational) energy of the scattering resonance. Although the correlation is not particularly strong, these data suggest that a ratio of 2-to-3 is typical for the FR approach in the entire range of energies, when it is used to compute the ro-vibrational stabilization cross sections.
E, cm Table I ) and four different rotational states of the local mode vibrational state (empty symbols, see Table II ). The fit is by a logarithmic function.
V. CONCLUSION
In this paper we formulated the frozen-rotor approximation for MQCT and conducted a thorough numerical test to assess its efficiency and accuracy, in comparison to the original version of MQCT where rotation of the molecule in space is treated explicitly and adiabatically. The FR treatment of rotation only requires propagating a simple Eq. (17) with mean torque defined by Eq. (8), and computing the centrifugal potential function in Eq. (5), to add to the quantum Hamiltonian. This approach permits to block the artificial and undesirable ro-vibrational transitions at the pre-and postcollisional stages of the process. As for computational costs, the FR method is 3.8 times faster (for the 2D-model of ozone) because the backward propagation is no more needed and because the equations for rotational excitation/quenching become much simpler. Computational advantage of the FR approximation is expected to be more important in the case of full-dimensional 3D calculations of ozone stabilization, planned in the near future.
Although molecular orientation is fixed in space, the energy exchange between rotational, vibrational, and translational degrees of freedom still occurs in the FR method, allowing to compute ro-vibrational excitation and quenching. Noteworthy, behavior of the energy transfer function through eight orders of magnitude range of values and in a broad range of E is reproduced well by the developed FR-method, including some fine features. In the range of moderate −500 ≤ E ≤ +500 cm −1 the FR-method is rather accurate. The absolute values of stabilization cross sections for scattering resonances trapped behind the centrifugal threshold are a factor 2-to-3 smaller (compared to the explicit-rotation approach). This performance is acceptable and is similar to the well-known sudden-rotation approximation in the time-independent inelastic scattering methods.
